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Abstract.
There are given necessary and sufficient conditions for a subset of a lattice L (or of a complete lattice L) to generate a distributive sublattice of L (or a completely distributive closed sublattice of L).
1. Introduction. In the paper [4] by B. Jónsson, conditions for a subset of a modular lattice to generate a distributive sublattice are given. In the present paper there are given necessary and sufficient conditions for a subset of a lattice L (or of a complete lattice L) to generate a distributive sublattice of L (or a completely distributive closed sublattice of L). As a corollary we get the result of G. N. Raney [6] and H. F. J. Lowig [5] , 2. Notations. (Cf. [5] .) Given a function/ Rf will denote the range off. If /is a set, (a{\ieJ) denotes a function on / with values a,. Its range will be denoted by {at\i e J}. If F is a mapping from a set / onto a set of sets, Yl F denotes the cartesian product of F, i.e. the set of all functions íh-»/(0 (ieJ), where /(/') g F(i). The sign Ylisj A-means the same as n04¿|¡' g/). If S is a set of sets, T~[ S denotes the set of all functions t on S with values t(X) e X for every element X of S. Hence Y\s = Y\(X\XeS) = Y\x.
If X is a subset of a complete lattice L, f\ X and V -^ are> respectively, the meet and join of the elements of X. Given elements a{ (ieJ) of L, Aiej at and VieJ u,-mean /\ {at\i eJ) and V W,\ieJ], respectively. Proof. If the conclusion is false then Bj=A¡-[hij)\h e H, <pih)=j}7*0 for each y e K. By the Axiom of Choice, h0e H exists such that h0ij)eB¡ for every j e K. Fory0=ç>(/z0) we get h0ij0)$Bh, a contradiction.
In [5] and [6] it is proved that one of the identities (1), (2) implies the other. By a similar argument as in [5] a stronger result can be proved : Theorem 1. Let S be a subset of a complete lattice L. Then (1) holds for each function (A¡\i eJ), Aj^S, if and only if for each such function (2) holds.
Proof.
We shall show that (1) (3) To every t e T\ N there exists i e J such that A^Rt. This assertion follows immediately from the Lemma 1, if we define to a given / the mapping cpt of the set H-T\ (A¡\j eJ) into J as follows.
Given he H, cpt(h) is an index y such that t(h)=h(j).
This proves the theorem.
, [6] ). In a complete lattice the identities (1) and (2) are equivalent.
By the same argument as in Theorem 1 we can prove Proof. In view of Theorem 1 and the duality it suffices to show that (1') holds for the elements of 7\. It will be convenient to express (1') in the form (we set Ai = {ai_,\j e KA) Proof. Obviously the condition is necessary. Suppose S satisfies (5). Then (1) holds in S (see Remark 1). Let 7\ be the set of all meets of subsets of S and T2 the set of all joins of subsets of Tx. Then T2 is closed under arbitrary joins. According to Lemma 2, T2 is closed under arbitrary meets. Hence T2=L*(S). Applying Lemma 2 successively to T^ and T2 we conclude that 7\ and T2 satisfy (1) as well as (2) (by Theorem 1).
By a similar argument we get Theorem 2a. Let S be a subset of a lattice A and let L(S) be the sublattice of A generated by S. L(S) is distributive if and only if one of the laws (5) and (6) Proof.
One can easily check that the equality (5) for the elements of the set {x, y, z} reduces to those given in the Corollary 2.
Remark 2. None of the seven equalities in the Corollary 2 can be omitted as the examples of lattices in Figures 1 and 2 show. (The first example was communicated to the author by J. Korec.) In these examples all considered equalities hold except (7) in the first case and (8) in the second. The independence of the other equalities follows by symmetry and duality. 1 The proof of Theorem 11.12 [1] seems to be based on the conjecture that in Corollary 2 the equality (7) can be omitted.
Proposition.
To any natural number n^3 there exists a lattice L and an n-element subset Se L which does not generate a distributive sublattice ofL but any proper subset of S generates a distributive sublattice ofL.
Proof (see [ 
